
 

Journal of Data Acquisition and Processing Vol. 38 (2) 2023      3712 
 

ISSN: 1004-9037 
https://sjcjycl.cn/ 

DOI: 10.5281/zenodo.777279 
 

THE UPPER CERTIFIED DOMINATION NUMBER OF A GRAPH 
 

A. Janani1 and J. Befija Minnie2 

Register Number : 20213042092001 
1Research Scholar, Department of Mathematics 

Holy Cross College (Autonomous),Nagercoil-629004 
E-mail:janania039@gmail.com 

2Assistant Professor, Department of Mathematics 
Holy Cross College (Autonomous), Nagercoil-629004 

Affliated to Manonmaniam Sundaranar University, 
Abishekapatti, Tirunelveli-627012 

Abstract 
A certified dominating set 𝐷 of  vertices in a connected graph 𝐺 is minimal certified dominating 
set  if no proper subset of 𝐷 is an certified dominating set of 𝐺.The upper certified domination 
number ⌈ (𝐺) is the maximum cardinality of a minimal certified dominating set of 𝐺. It is 
shown that for every positive integers a and b with  2 ≤ 𝑎 ≤ 𝑏 there exists a connected graph 
𝐺 suchthat 𝛾 (𝐺) = 𝑎 and ⌈ (𝐺) = 𝑏. 
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1. Introduction: 
 Let 𝐺 = (𝑉, 𝐸) be a finite, undirected graph without loops and multiple edges. Unless 
and otherwise stated, the graph 𝐺 = (𝑉, 𝐸) has 𝑛 = |𝐷| vertices and 𝑚 = |𝐸| edges. For basic 
definitions and terminologies, we refer to[4].Two vertices 𝑢 and 𝑣 are said to be adjacent if 𝑢𝑣 
is an edge of 𝐺.The open neighbourhood of a vertex 𝑣 in a graph G is defined as the set 𝑁 (𝑣) =

{𝑢 ∈ 𝑉(𝐺): 𝑢𝑣 ∈ 𝐸(𝐺)}. While the closed neighbourhood of a vertex 𝑣 in a graph G is defined 
as the set 𝑁 [𝑣] = 𝑁 (𝑣) ∪ {𝑣}.  

A set 𝐷 ⊆ 𝑉(𝐺) is called a dominating set of 𝐺 if for every 𝑣 ∈ 𝑉\𝐷 is adjacent to 
atleast one vertex in 𝐷. A dominating set D is said to be minimal if no subset of 𝐷 is a 
dominating set of 𝐺. The minimum cardinality of a minimal dominating set of 𝐺 is called the 
domination number of 𝐺 and is denoted by  𝛾(𝐺). Any dominating set of cardinality 𝛾(𝐺) is a 
𝛾-set of 𝐺. Recently dominating number of a graph is studied in [4]. A dominating set 𝐷 of 
𝐺 = (𝑉, 𝐸) is a certified dominating set, if every vertex in 𝐷 has either zero or atleast two 
neighbours in 𝑉\𝐷.The certified domination number 𝛾 (𝐺) of G is the minimum cardinality 
of certified dominating set. The certified domination number of a graph was studied in [5,6]. 
In this article, the upper certified domination number of a graph is introduced and studied. 
2. The Upper Certified Domination Number of a Graph 
Definition 2.1 
A certified dominating set 𝐷 of vertices in a connected graph 𝐺 is minimal certified dominating 
set if no proper subset of 𝐷 is an certified dominating set of 𝐺. The upper certified domination 
number ⌈ (𝐺) is the maximum cardinality of a minimal certified dominating set of 𝐺 
Example 2.2 
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     Figure 2.1 
 
 
 
 
For the graph G given in Figure 2.1, 𝐷 = {𝑣 , 𝑣 } and 𝐷 = {𝑣 , 𝑣 , 𝑣 } is the minimal 
certified dominating set. Therefore 𝛾 (𝐺) = 2 , ⌈ (𝐺) = 3. 
The following theorem follow from the definition of the upper certified domination number of 
a graph 

Theorem 2.3.  For the cycle 𝐺 = 𝐶 (𝑛 ≥ 4),⌈ (𝐺) =
   𝑖𝑓  𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
 

Proof: Let  𝑉(𝐺) = {𝑣 , 𝑣 , … , 𝑣 } 
We have the following cases 
Case (i)  n is even. Let 𝑛 = 2𝑘, 𝑘 ≥ 2 
Let 𝐷 = {𝑣 , 𝑣 , 𝑣 , … , 𝑣 }.Then n is a minimal certified dominating set of 𝐺 and so ⌈ (𝐺) ≥

𝑘 = . We prove that so ⌈ (𝐺) = 𝑘. On the contrary suppose that ⌈ (𝐺) ≥ 𝑘 + 1. Then 

there exists a minimal certified dominating set 𝐷  of 𝐺 suchthat |𝐷 | ≥ 𝑘 + 1 then there exists 
𝑥 ∈ 𝐷   such that    𝑥 ∉ 𝐷. Then there exists 𝑦, 𝑧 ∈ 𝐷  suchthat 𝐺[𝑥, 𝑦, 𝑧] is a path in  𝐶 . Let  
𝐷 = 𝐷 − {𝑦}. Then 𝐷 is a certified dominating set of 𝐺 such that  𝐷 ⊂ 𝐷 , which is a 

contradiction to 𝐷  a minimal certified dominating set of 𝐺.Therefore ⌈ (𝐺) = 𝑘 =  

Case (ii)  n is odd. 
For = 5, 𝐷 = {𝑣 , 𝑣 },𝐷 = {𝑣 , 𝑣 },𝐷 = {𝑣 , 𝑣 },𝐷 = {𝑣 , 𝑣 } and 𝐷 = {𝑣 , 𝑣 } are the 
only five minimal certified dominating set of 𝐺 so that ⌈ (𝐺) = 2. So let 𝑛 ≥ 7, Let  𝐷 =

{𝑣 , 𝑣  , 𝑣 , … , 𝑣 }. Then 𝐷 is minimal certified dominating set of 𝐺 and so  ⌈ (𝐺) ≥ 𝑘 =

 . We prove that ⌈ (𝐺) = 𝑘.On the contrary, suppose that ⌈ (𝐺) = 𝑘 + 1.Then there 

exists a minimal certified dominating set 𝐷  of 𝐺 such that |𝐷 | ≥ 𝑘 + 1.Then there exists 𝑥 ∈

𝐷  such that  𝑥 ∉ 𝐷. Let 𝑦 ∈ 𝐷  such that 𝑥𝑦 ∈ 𝐸(𝐺).Then 𝐷 = 𝐷 − {𝑥} is a certified 
dominating set of 𝐺 with  𝐷 ⊂ 𝐷 , which is a contradiction to 𝐷  a minimal certified 

dominating set of 𝐺,which is a contradiction. Therefore  ⌈ (𝐺) = 𝑘 =  . 
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Theorem 2.4.  For the path 𝐺 = 𝐶 (𝑛 ≥ 4),⌈ (𝐺) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

4                           𝑖𝑓  𝑛 = 4
2                           𝑖𝑓  𝑛 = 5
3                          𝑖𝑓    𝑛 = 7

              𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑3)

 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑3)𝑎𝑛𝑑 𝑛 ≥ 7 

 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3)𝑎𝑛𝑑 𝑛 ≥ 8

    

Proof: Let 𝑃  be 𝑣 , 𝑣 , … , 𝑣 . 
Case (i) 𝑛 = 4. Let 𝐷 = {𝑣 , 𝑣 , 𝑣 , 𝑣 } is the unique minimal certified dominating set of 𝐺 so 
that ⌈ (𝐺) = 4. 
Case (ii) 𝑛 = 5. Let 𝐷 = {𝑣 , 𝑣 }. Then 𝐷 is the unique minimal certified dominating set of 𝐺 
so that ⌈ (𝐺) = 2. 
Case (iii) 𝑛 = 7. Let 𝐷 = {𝑣 , 𝑣 , 𝑣 }. Then 𝐷 is the unique minimal certified dominating set 
of 𝐺 so that ⌈ (𝐺) = 3. 
Case (iv) 𝑛 ≡ 0(𝑚𝑜𝑑 3),𝑛 = 3𝑘, 𝑘 ≥ 1. Let 𝐷 = {𝑣 , 𝑣 , 𝑣 , … , 𝑣 } is the  minimal certified 

dominating set of 𝐺 so that ⌈ (𝐺) ≥ + 1 = 𝑘 =  .We  prove that ⌈ (𝐺) = .On the 

contrary suppose that ⌈ (𝐺) ≥ + 1.Then there exists a minimal certified dominating set 𝑆  

of 𝐺 suchthat |𝐷′| ≥ + 1 then there exists 𝑥 ∈  𝐷  such that 𝑥 ∉ 𝐷.Let 𝑦 ∈  𝐷  such that 𝑥𝑦 ∈

𝐸(𝐺).Then 𝐷 = 𝐷 − {𝑥} is a certified dominating set of 𝐺 with 𝐷 ⊂  𝐷  which is a 
contradiction to 𝐷  a minimal certified dominating set of 𝐺, which is a contradiction. Therefore 

⌈ (𝐺) = 𝑘 = . 

Case (v) 𝑛 ≡ 1(𝑚𝑜𝑑 3),𝑛 = 3𝑘 + 1, 𝑘 ≥ 2. Then 𝐷 = {𝑣 , 𝑣 , 𝑣 , … , 𝑣 } is the  

minimal certified dominating set of 𝐺 so that ⌈ (𝐺) ≥ + 1 = 𝑘 − 2 =  .We  

prove that ⌈ (𝐺) = . On the contrary suppose that ⌈ (𝐺) ≥ + 1.Then there exists a 

minimal certified dominating set 𝐷  of 𝐺 suchthat |𝐷 | ≥ + 1 then there exists 𝑥 ∈  𝐷  such 

that 𝑥 ∉ 𝐷. Let 𝑦 ∈  𝐷  suchthat 𝑥𝑦 ∈ 𝐸(𝐺).Then 𝐷 = 𝐷 − {𝑥} is a certified dominating set 
of 𝐺 with 𝐷 ⊂  𝐷  which is a contradiction to 𝐷  a minimal certified dominating set of 𝐺, 

which is a contradiction. Therefore ⌈ (𝐺) = 𝑘 = . 

Case (vi) 𝑛 ≡ 2(𝑚𝑜𝑑 3),𝑛 = 3𝑘 + 2, 𝑘 ≥ 2. Then 𝐷 = {𝑣 , 𝑣 , 𝑣 , … , 𝑣 } is the  

minimal certified dominating set of 𝐺 so that ⌈ (𝐺) ≥ + 1 = 𝑘 − 1 =  −1 =  

. Similarly by case (v), we prove that ⌈ (𝐺) = 𝑘 =  . 

Theorem 2.5.  For the complete graph 𝐺 = 𝐾 , ⌈ (𝐺) = 𝑛 
Proof: Since every vertex of the complete graph, 𝐾 (𝑛 ≥ 4) is an extreme vertex, the vertex 
set of 𝐾  is the unique certified dominating set of  𝐾 . Thus ⌈ (𝐺) = 𝑛. 
Theorem 2.6.  For the complete bipartite graph = 𝑘 ,  , ⌈ (𝐺) = 𝑆. 

Proof: Consider 𝑘 ,  with V(𝑘 , )= {𝑢 , 𝑣 1⁄ ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑗 ≤ 𝑠} with partition 𝑉 =

{𝑣 , 𝑣 , … , 𝑣 } and 𝑉 = {𝑢 , 𝑢 , … , 𝑢 }. Let 𝑆 = 𝑉  is a minimal  certified dominating set of 𝐺 
so that  ⌈ (𝐺) ≥ 𝑠. we prove that ⌈ (𝐺) = 𝑆. On the contrary suppose that ⌈ (𝐺) ≥ 𝑠 +

1.Then there exists a minimal certified dominating set 𝑆  of 𝐺 suchthat |𝑆 | ≥ 𝑆 + 1. Then 
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𝑆 ⊂ 𝑉 ∪ 𝑉  then there exists 𝑥 ∈ 𝑉 and 𝑦 ∈ 𝑉  suchthat 𝑆 = {𝑥, 𝑦} is a certified dominating 
set of 𝐺 with 𝑆 ⊂  𝑆  which is a contradiction. Therefore ⌈ (𝐺) = 𝑆.                                   
Theorem 2.7.  For the helm graph = 𝐻  , ⌈ (𝐺) = 𝑛. 
Proof: Let 𝑆 = {𝑣 , 𝑣 , … , 𝑣 } be the set of cut vertices of 𝐺.Then the set 𝑆 is the unique 
certified dominating set of 𝐺 so that ⌈ (𝐺) = 𝑛. 
Theorem 2.8. For the barbell graph 𝐺 = 𝐵 (𝑛 ≥ 3), ⌈ (𝐺) = 2. 
Proof: Let 𝐺 be a barbell graph which is obtained by joining two complete graph by a bridge. 
Let 𝑒 = {𝑣 𝑢 }  be the edge joining the two complete graph. Let the vertices of the two 
complete graph be {𝑣 }(1 ≤ 𝑖 ≤ 𝑛) and {𝑢 } (1 ≤ 𝑗 ≤ 𝑚).Let 𝑉(𝐺) =

{𝑣 , 𝑣 , … , 𝑣 , 𝑢 , 𝑢 , … , 𝑢 } be the vertices of 𝐺.Since 𝑣  is adjacent to {𝑣 , 𝑣 , … , 𝑣 } and 𝑢  
is adjacent to {𝑢 , 𝑢 , … , 𝑢 } where 𝑑𝑒𝑔(𝑣 ) = 𝑛  and 𝑑𝑒𝑔(𝑢 ) = 𝑚. Let 𝐷 = {𝑣 , 𝑢 }.Then 
D is a minimal certified dominating set of G and so  ⌈ (𝐺) ≥ 2. We prove that ⌈ (𝐺) =

2 .On the contrary suppose that ⌈ (𝐺) ≥ 3.Then there exists a minimal certified dominating 
set 𝐷  of 𝐺 suchthat |𝐷 | ≥ 3 then there exists 𝑥 ∈  𝐷  such that 𝑥 ∉ 𝐷.Then 𝐷 = 𝐷 − {𝑥} is 
a certified dominating set of 𝐺 with 𝐷 ⊂  𝐷  which is a contradiction to 𝐷  a minimal certified 
dominating set of  𝐺, which is a contradiction. Therefore ⌈ (𝐺) = 2. 
Theorem 2.9. For the windmill graph 𝐺 = 𝑊 ,  (𝑚 ≥ 3, 𝑛 ≥ 2) ⌈ (𝐺) = 𝑎. 

Proof: Let G be a windmill graph 𝑊 ,   is the graph obtained by taking m copies of the 

complete graph 𝐾  with a vertex in common. Let 𝐷 = {𝑣 } is a certified dominating set of 
𝐺.Then the set 𝐷 = {𝑢 , 𝑢 , … , 𝑢 , 𝑣 , 𝑣 , … , 𝑣 } is the minimal certified dominating set of 𝐺 
so that ⌈ (𝐺) ≥ 𝑎. We  prove that ⌈ (𝐺) = 𝑎. On the contrary suppose that ⌈ (𝐺) ≥ 𝑎 +

1.Then there exists a minimal certified dominating set 𝐷  of 𝐺 suchthat |𝐷 | ≥ 𝑎 + 1 then there 
exists 𝑥 ∈  𝐷  such that 𝑥 ∉ 𝐷.Let 𝑦 ∈  𝐷  suchthat 𝑥𝑦 ∈ 𝐸(𝐺).Then 𝐷 = 𝐷 − {𝑥} is a 
certified dominating set of 𝐺 with 𝐷 ⊂  𝐷  which is a contradiction to 𝐷  a minimal certified 
dominating set of 𝐺, which is a contradiction. Therefore  ⌈ (𝐺) = 𝑎. 
Theorem 2.10.  For every positive integers 𝑎 and 𝑏 with  2 ≤ 𝑎 ≤ 𝑏 there exists a connected 
graph 𝐺 suchthat 𝛾 (𝐺) = 𝑎 and ⌈ (𝐺) = 𝑏. 
Proof: Let 𝑃 : 𝑥 , 𝑦  (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1) be a copy of path on two vertices and 
𝑄 : 𝑢 , 𝑣 , 𝑤  (1 ≤ 𝑖 ≤ 𝑎 − 1) be a copy of path on three vertices. Let G be the graph obtained 
from 𝑃 (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1) and 𝑄  (1 ≤ 𝑖 ≤ 𝑎 − 1) by adding the new vertex 𝑥 and 
introducing the edges  𝑥𝑣 (1 ≤ 𝑖 ≤ 𝑎 − 1), 𝑥𝑥  and 𝑥𝑦  (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1).The graph 𝐺 is 
given in figure 2.2. First we prove that  𝛾 (𝐺) = 𝑎. It is easily observed that every 𝛾 -set 
of 𝐺 contains each 𝑣 (1 ≤ 𝑖 ≤ 𝑎 − 1) and the vertex  𝑥 and so 𝛾 (𝐺) ≥ 𝑎. Let 𝑆 =

{𝑥, 𝑣 , 𝑣 , … , 𝑣 }. Then 𝑆 is a 𝛾 -set of 𝐺 so that 𝛾 (𝐺) = 𝑎. 
 Next we prove that ⌈ (𝐺) = 𝑏. Let 𝐷 = {𝑣 , 𝑣 , … , 𝑣 } ∪ {𝑥 , 𝑥 , … , 𝑥 }. Then 
𝐷 is a certified dominating set of 𝐺. We prove that 𝐷 is a minimal certified dominating set of 
G. On the contrary suppose that 𝐷 is not a minimal certified dominating set of 𝐺 then there 
exists a certified  dominating set 𝐷  of 𝐺 suchthat 𝐷 ⊂ 𝐷. Then there exists 𝑢 ∈ 𝐷  such that 
𝑢 ∉ 𝐷. If 𝑢 = 𝑣 (1 ≤ 𝑖 ≤ 𝑎 − 1), then 𝑢 , 𝑤  is not dominated by any element of 𝐷 . If 𝑢 = 𝑥  
for some 𝑖(1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1), then 𝑦 (1 ≤ 𝑖 ≤ 𝑏 − 𝑎 + 1) is not dominated by every 
element of 𝐷 , which is a contradiction to 𝐷  a certified dominating set of 𝐺. Therefore 𝐷 is a 
minimal certified dominating set of G and so ⌈ (𝐺) ≥ 𝑏. We prove that ⌈ (𝐺) = 𝑏. On the 
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contrary suppose that ⌈ (𝐺) ≥ 𝑏 + 1. Then there exist a minimal certified dominating set 𝑆  
of 𝐺 such that |𝑆 | ≥ 𝑏 + 1. Then 𝑆 ⊄ 𝑆  and 𝐷 ⊄ 𝑆 . Then 𝑢  and 𝑤 ∈ 𝑆  for all 𝑖(1 ≤ 𝑖 ≤

𝑎 − 1). Hence it follows that 𝑆  is not a certified dominating set of 𝐺, Which is a contradiction. 
Therefore ⌈ (𝐺) = 𝑏. 
 

 
Conclusion 
In this article, the upper certified domination number of graphs is introduced and studied. This 
study can be extended to other certified domination parameter. 
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